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Abstract

This paperpresentsa new deterministicapprox-
imation techniquein Bayesiannetworks. This
method,“ExpectationPropagation,” unifies two
previous techniques:assumed-densityfiltering,
an extensionof theKalmanfilter, andloopy be-
lief propagation,anextensionof belief propaga-
tion in Bayesiannetworks.Loopy belief propa-
gation,becauseit propagatesexact belief states,
is useful for a limited classof belief networks,
suchasthosewhich arepurelydiscrete.Expec-
tationPropagationapproximatesthebelief states
by only retainingexpectations,suchasmeanand
variance,anditeratesuntil theseexpectationsare
consistentthroughoutthenetwork.Thismakesit
applicableto hybrid networkswith discreteand
continuousnodes. Experimentswith Gaussian
mixturemodelsshow ExpectationPropagationto
be convincingly betterthan methodswith simi-
lar computationalcost: Laplace’s method,vari-
ational Bayes,and Monte Carlo. Expectation
Propagationalsoprovidesan efficient algorithm
for trainingBayespoint machineclassifiers.

1 INTRODUCTION

Bayesianinferenceis often hamperedby large computa-
tional expense.Fastandaccurateapproximationmethods
are thereforevery important and can have great impact.
This paperpresentsa new deterministicalgorithm,Expec-
tation Propagation,which achieves higher accuracy than
existing approximationalgorithmswith similar computa-
tional cost.

Expectation Propagationis an extension of assumed-
densityfiltering (ADF), a one-pass,sequentialmethodfor
computinganapproximateposteriordistribution. In ADF,
observationsareprocessedoneby one,updatingthe pos-
terior distribution which is thenapproximatedbeforepro-
cessingthe next observation. For example,we might re-
placethe exact one-stepposteriorwith a Gaussianhaving
thesamemeanandsamevariance(Maybeck,1982;Opper
& Winther, 1999). Or we might replacea posteriorover
many variableswith one that rendersthe variablesinde-
pendent(Boyen& Koller, 1998). The weaknessof ADF
stemsfrom its sequentialnature: information that is dis-
cardedearlyon mayturn out to beimportantlater. ADF is
alsosensitive to observationordering,which is undesirable
in abatchcontext.

ExpectationPropagation(EP)extendsADF to incorporate
iterative refinementof theapproximations,by makingad-
ditionalpassesthroughthenetwork.Theinformationfrom
later observationsrefinesthechoicesmadeearlier, so that
themostimportantinformationis retained.Iterativerefine-
ment haspreviously beenusedin conjunctionwith sam-
pling (Koller et al., 1999) andextendedKalman filtering
(Shachter, 1990). ExpectationPropagationis fasterthan
samplingandmoregeneralthanextendedKalmanfiltering.
It is moreexpensive thanADF by only a constantfactor—
thenumberof refinementpasses(typically 4 or 5). EPap-
pliesto all statisticalmodelsto which ADF canbeapplied
and,asshown in section3.2,is significantlymoreaccurate.

In belief networkswith loopsit is known thatapproximate
marginal distributionscanbeobtainedby iteratingthebe-
lief propagationrecursions,a processknown asloopy be-
lief propagation(Frey & MacKay, 1997; Murphy et al.,
1999).In section4, this turnsout to beaspecialcaseof Ex-
pectationPropagation,wheretheapproximationis a com-
pletely disconnectednetwork. ExpectationPropagationis



moregeneralthanbelief propagationin two ways: (1) like
variationalmethods,it canuseapproximationswhich are
not completelydisconnected,and(2) it canimposeuseful
constraintson functionalform, suchasmultivariateGaus-
sian.

2 ASSUMED-DENSITY FILTERING

This section reviews the idea of assumed-densityfilter-
ing (ADF), to lay groundworkfor ExpectationPropaga-
tion. Assumed-densityfiltering is a generaltechniquefor
computingapproximateposteriorsin Bayesiannetworks
and other statistical models. ADF has been indepen-
dently proposedin the statistics(Lauritzen,1992), artifi-
cial intelligence(Boyen& Koller, 1998;Opper& Winther,
1999),andcontrol(Maybeck,1982)literatures.“Assumed-
densityfiltering” is thenameusedin control; othernames
include “online Bayesianlearning,” “moment matching,”
and“weak marginalization.” ADF applieswhenwe have
postulateda joint distribution ����������	 where � hasbeen
observedand � is hidden.Wewould like to know thepos-
terior over � , �
���
� ��	 , aswell astheprobabilityof theob-
serveddata(or evidencefor themodel),������	 . Theformer
is usefulfor estimationwhile thelatter is usefulfor model
selection.

For example,supposewe have observationsfrom a Gaus-
siandistribution embeddedin a seaof unrelatedclutter, so
thattheobservationdensityis a mixtureof two Gaussians:�
����� ��	�� ��������	������
����� �!	#"��������
� $
�%�'&(�!	��������)*��+,	-� .!/10 �2�435 �6���7)�	98
+;: 3 �6�,�7)�	�	� <>=?+�� 3�@ 5
The first componentcontainsthe parameterof interest,
while the other componentdescribesclutter. � is the
known ratioof clutter. Let the A -dimensionalvector � have
a Gaussianprior distribution:�
����	�B ����$
�%�'&(&>�!C!	 (1)

Thejoint distribution of � and D independentobservations�E�GF'� 3 �'HIHJHJ���#KML is therefore:���N������	O� ������	QPSR������ R � ��	 (2)

TheBayesiannetworkfor thisproblemissimply � pointing
to the � R . But wecannotusebeliefpropagationbecausethe
belief statefor � is a mixture of < K Gaussians.To apply
ADF, we write the joint distribution ���N������	 asa product

of terms: �
��������	T�VU R'W R ����	 where
WYX ����	Z�[���6��	 andW R ����	��\���6� R � ��	 . Next wechooseanapproximatingfamily.

In theclutterproblem,a sphericalGaussiandistribution is
reasonable: ] �6��	�B^����)`_a� b'_(� C 	 (3)

Finally, we sequencethroughandincorporatethe terms
W R

into theapproximateposterior. At eachstepwemove from
anold

]Sc R �6��	 to a new
] �6��	 . (To reducenotation,we drop

the dependenceof
] ����	 on d .) Initialize with

] �6��	4�e� .
Incorporatingtheprior term is trivial, with no approxima-
tion needed.To incorporateamorecomplicatedterm

W R ����	 ,
taketheexactposteriorf�
����	�� W R �6��	 ]Sc R ����	g'h W R ����	 ] c R ����	 A � (4)

andminimizetheKL-divergence��� f������	'�J� ] �6��	�	 subjectto
theconstraintthat

] ����	 is in theapproximatingfamily. This
is equivalentto a maximum-likelihoodproblemwith data
distribution

f� . For a sphericalGaussian,the solution is
givenby matchingmoments:i j(k �?lm� i no?k �?l (5)

i j k � 8 �?lm� i no k � 8 �?l (6)

With any exponentialfamily, ADF reducesto propagating
expectations.Eachstepalsoproducesa normalizingfactorp R � g h W R ����	 ]Sc R ����	 A � . Theproductof thesenormalizing
factorsestimates�
����	 . In theclutterproblem,we havep R �q���S����	������ R ��) c R_ �%�Nb c R_ "r�%	��s	�"t�����6� R �Y$
�%�'&(�!	 (7)

Thefinal ADF algorithmis:

1. Initialize )`_u�V$ , b'_��v�%&>& (the prior). Initializewx�q� (thescalefactor).

2. For eachdatapoint � R , update�6)`_a� b'_M�Yw'	 according
towy� w c R�z p R{ R � ��� �p R �����6� R � $
�%�'&(�!	

)`_ � ) c R_ "\b c R_ { R � R �;) c R_b c R_ "|�b _ � b c R_ �`{ R ��b c R_ 	 5b c R_ "|� "�{ R ������{ R 	 ��b c R_ 	 5>} � R �;) c R_ }%5A �Nb c R_ "|�%	 5
This algorithmcanbe understoodin an intuitive way: for
eachdatapoint we computeits probability { of not being
clutter, makea soft updateto our estimateof � ( ) _ ), and



changeour confidencein theestimate( b _ ). However, it is
clearthatthis algorithmwill dependon theorderin which
datais processed,becausethe clutter probability depends
on thecurrentestimateof � .

3 EXPECTATION PROPAGATION

This sectiondescribesthe ExpectationPropagationalgo-
rithm anddemonstratesits useon theclutterproblem.Ex-
pectationPropagationis basedon a novel interpretationof
assumed-densityfiltering. ADF wasdescribedastreating
eachobservation term

W R
exactly and then approximating

theposteriorthatincludes
W R

. But wecanalsothink of it as
first approximating

W R
with some~W R andthenusinganexact

posteriorwith ~W R . This interpretationis alwayspossiblebe-
causewecandefinetheapproximateterm ~W R to betheratio
of thenew posteriorto theold posteriortimesa constant:~W R ����	�� p R ] �6��	] c R �6��	 (8)

Multiplying thisapproximatetermby
]Sc R �6��	 gives

] �6��	 , as
desired.An importantpropertyis that if the approximate
posterioris in anexponentialfamily, thenthetermapprox-
imationswill bein thesamefamily.

The algorithm of the previous sectioncan thus be inter-
pretedas sequentiallycomputinga Gaussianapproxima-
tion ~W R ����	 to every observationterm

W R �6��	 , thencombining
theseapproximationsanalyticallyto geta Gaussianposte-
rior on � . Under this perspective, the approximationsdo
nothaveany requiredorder—theorderingonly determined
how we madetheapproximations.We arefree to go back
andrefinetheapproximations,in any order. This givesthe
generalform of ExpectationPropagation:

1. Initialize thetermapproximations~W R
2. Computetheposteriorfor � from theproductof ~W R :] ����	�� U R ~W R �6��	g U R ~W R ����	 A � (9)

3. Until all ~W R converge:

(a) Choosea ~W R to refine
(b) Remove ~W R from theposteriorto getan‘old’ pos-

terior
]Sc R ����	 , by dividing andnormalizing:] c R �6��	�� ] ����	~W R �6��	 (10)

(c) Combine
] c R �6��	 and

W R �6��	 and minimize KL-
divergenceto geta new posterior

] ����	 with nor-
malizer

p R
.

(d) Update ~W R � p R ] �6��	�� ]Sc R ����	 .
4. Usethe normalizingconstantof

] �6��	 asan approxi-
mationto �
����	 :�
����	��|��P R ~W R ����	 A � (11)

Thisalgorithmalwayshasafixedpoint,andsometimeshas
several. If initializedtoofarawayfrom afixedpoint, it may
diverge.This is discussedin section3.3.

3.1 THE CLUTTER PROBLEM

For the clutterproblemof theprevioussection,theEPal-
gorithmis

1. Thetermapproximationshave theform~W R �6��	��|w R .!/10 �2� �<>b R �6�T�`) R 	 8 �6���7) R 	�	 (12)

Initialize theprior termto itself: b X ���'&(& , ) X �q$ ,w X ���N<(=#b X 	 : C @ 5 . Initialize the datatermsso that~W R ����	���� : b R �|� , ) R �*$ , and w R ��� .
2. ) _ ��) X �Yb _ �|b X
3. Until all ��) R � b R �Yw R 	 converge (changesarelessthan�'&1:a� ):

loop d ���(�'HJHJHI� D :

(a) Remove ~W R from theposteriorto getan‘old’ pos-
terior:��b c R_ 	 : 3 � b : 3_ ��b : 3R) c R_ � )`_�"ub c R_ b : 3R ��)`_t�`) R 	

(b) Recompute��) _ �Yb _ � p R 	 from ��) c R_ �Yb c R_ 	 as in
ADF.

(c) Update ~W R :b : 3R � b : 3_ ����b c R_ 	 : 3) R � ) c R_ "|��b R "�b c R_ 	!�Nb c R_ 	 : 3��6) _ �7) c R_ 	w R � p R�N<(=#b R 	 C @ 5 ���6) R ��) c R_ �%�Nb R "ub c R_ 	��!	



4. Computethenormalizingconstant:� � )`8_ ) _b'_ ��� R )`8R ) Rb R���N��	�� �N<(=#b'_1	 C @ 5 .!/10 � � �(<>	 KPR�� X w R
Becausethetermapproximationsstartat � , theresultafter
onepassthroughthedatais identicalto ADF.

3.2 RESULTS

EP for the clutter problem is comparedwith four other
algorithmsfor approximateinference:Laplace’s method,
variationalBayes,importancesampling(usingtheprior as
the importancedistribution), and Gibbssampling(by in-
troducinghiddenvariablesthatdetermineif a datapoint is
clutter). Thegoalis to estimatetheevidence������	 andthe
posteriormean

i k �
� ��l . Figure 1 shows the resultson a
typical run with D �G<(& andwith D �G<>&(& . It plotstheac-
curacy vs. costof thealgorithms.Accuracy is measuredby
absolutedifferencefrom thetrueevidenceor thetrueposte-
rior mean.Costis measuredby thenumberof floatingpoint
operations(FLOPS)in Matlab,via Matlab’s flops func-
tion. This is betterthanusingCPU time becauseFLOPS
ignoresinterpretationoverhead.

The deterministicmethodsEP, Laplace,andVB all try to
approximatetheposteriorwith aGaussian,sothey improve
substantiallywith moredata(the posterioris moreGaus-
sianwith moredata). Thesamplingmethodsassumevery
little aboutthe posteriorandcannotexploit the fact that it
is becomingmoreGaussian.However, this is an advan-
tagefor samplingwhentheposteriorhasa complex shape.
Figure 2 shows an atypical run with a small amountof
data( D ��<>& ) wherethe true posteriorhasthreedistinct
modes.Regular EPdid not converge, but a restrictedver-
siondid (Minka, 2001).Unfortunately, all of thedetermin-
istic methodsconvergeto anerroneousresultthatcaptures
only a singlemode.

3.3 CONVERGENCE

The EP iterationscan be shown to alwayshave a fixed
point whentheapproximationsarein an exponentialfam-
ily. The proof is analogousto Yedidiaet al. (2000). Let
thesufficient statisticsbe � 3 �6��	!�'HJHIHJ� �S� ����	 sothat thefam-
ily hasform .!/10 ��� �� � 3 � � �6��	�� � 	 . In the clutter problem
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Figure1: Costvs. accuracy curves for expectationprop-
agation(EP), Laplace’s method,variationalBayes(VB),
importancesampling,and Gibbs samplingon the clutter
problemwith ���|&MH�� and �,��< . Each‘x’ is oneiteration
of EP. ADF is thefirst ‘x’.
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Figure 2: A complex posterior in the clutter problem.
(a) Exact posteriorvs. approximationsobtainedby EP,
Laplace’s method,andvariationalBayes.(b) Costvs. ac-
curacy.



we had � 3 ����	��v� and � 5 ����	;�v� 8 � . When we treat
the prior exactly, the final approximationwill be

] �6��	T����6��	 .!/10 � � � � � �6��	�� � 	 for some � , andthe leave-one-out

approximationswill be
]Sc R �6��	������6��	 .!/10 � � � � � �6��	�� R � 	

for some� . Let D bethenumberof terms
W R ����	 .

TheEPfixedpointsarein one-to-onecorrespondencewith
stationarypointsof theobjective�Z�I�� �4  /¡ � D �*�%	£¢I¤>¥ � h �
����	 .s/¦0 � � � � � �6��	�� � 	 A �

� K� R�� 3 ¢J¤(¥ � h W R �6��	����6��	 .!/10 � � � � � ����	�� R � 	 A � (13)

suchthat � D �*�%	�� � � � R � R � (14)

Note thatmin-maxcannotbe exchangedwith max-minin
this objective. By taking derivativeswe get thestationary
conditions

g h � � ����	 ] �6��	 A �,� g h � � ����	 f�§�6��	 , where
f������	 is

definedby (4). This is anEPfixedpoint. In reverse,given
an EP fixed point we canrecover � and � from

] ����	 and]Sc R �6��	 to obtainastationarypoint of (13).

Assumeall termsarebounded:
W R ����	Z¨[© . Thenthe ob-

jective is boundedfrom below, becausefor any � we can
choose� R � � K : 3K � � , andthenthesecondpartof (13) is at
least � D ¢I¤>¥ � h ©9���6��	 .!/10 ��� � � � ����	�� � 	1ªs«¦¬ª A �­ � D ¢I¤>¥
©��*� D �u�%	£¢I¤>¥
� h ���6��	 .!/10 ��� � � � �6��	�� � 	 A �
by the concavity of the function ® ª!«1¬ª . Thereforethere
must be stationarypoints. Sometimesthereare multiple
fixed pointsof EP, in which casewe candefinethe ‘best’
fixed point asthe onewith minimum energy (13). When
canonicalEPdoesnot converge,we canminimize (13) by
someotherscheme,suchasgradientdescent.In practice,it
is foundthatwhencanonicalEPdoesnotconverge,it is for
a goodreason,namelytheapproximatingfamily is a poor
matchto theexactposterior. Thishappenedin theprevious
example.Sobeforeconsideringalternatewaysto carryout
EP, oneshouldreconsidertheapproximatingfamily.

4 LOOPY BELIEF PROPAGATION

ExpectationPropagationandassumed-densityfiltering can
beusedto approximatea belief networkby a simplernet-

work with fewer edges.This sectionshows that if theap-
proximationis completelydisconnected,thenADF yields
the algorithm of Boyen & Koller (1998) and EP yields
loopybeliefpropagation.

Let the hiddenvariablesbe ¯ 3 �%HJHJHJ� ¯Q° andcollect the ob-
servedvariablesinto �±��F ® 3 �%HJHJHJ� ®'² L . A completelydis-
connecteddistribution for � hastheform] ����	�� °P³ � 3 ] ³ � ¯ ³ 	 (15)

Whenwe minimizetheKL-divergence��� f�§�6��	%�J� ] ����	�	 , we
will simply preserve the marginals of

f���6��	 . This cor-
respondsto an expectationconstraint

i j(k ´ � ¯ ³ �qb(	�lµ�i no?k ´ � ¯ ³ �,b(	�l for all valuesb of ¯ ³ . Fromthiswearriveat
theADF algorithmof Boyen& Koller (1998):

1. Initialize
] ³ � ¯ ³ 	����

2. For eachterm
W R �6��	 in turn,set

] ³ to the ¶ th marginal
of

f� : ] ³ � ¯ ³ 	O� �h c _S· f���6��	�� �p R �h c _S· W R ����	 ] c R �6��	
where

p R � � h W R ����	 ] c R �6��	
For dynamicBayesiannetworks,Boyen& Koller set

W R
to

the productof all of the conditionalprobability tablesfor
timeslice d . Now let’s turn this into anEPalgorithm.From
theratio

] � ]Sc R , weseethattheapproximateterms ~W R ����	 are
completelydisconnected.TheEPalgorithmis thus:

1. ~W R ����	�� U ³ ~W R ³ � ¯ ³ 	 . Initialize ~W R ����	��q� .
2.

] ³ � ¯ ³ 	�� U R ~W R ³ � ¯ ³ 	
3. Until all ~W R converge:

(a) Choosea ~W R to refine
(b) Remove ~W R from theposterior. For all ¶ :] c R³ � ¯ ³ 	�� ] ³ � ¯ ³ 	~W R ³ � ¯ ³ 	 � P�>¸�?R ~W �s³ � ¯ ³ 	
(c) Recompute

] �6��	 from
]Sc R ����	 asin ADF.

(d) ~W R ³ � ¯ ³ 	�� p R ] ³ � ¯ ³ 	] c R³ � ¯ ³ 	 �¹�h c _ · W R ����	
P�(¸� ³ ] c R� � ¯ � 	



To makethis equivalentto belief propagation,theoriginal
terms

W R
shouldcorrespondto the conditionalprobability

tablesof adirectedbeliefnetwork.Thatis,weshouldbreak
thejoint distribution ����������	 into�
��������	���P ³ �
� ¯ ³ � 0  1� ¯ ³ 	�	MP � �
� ® � � 0  Q� ® � 	�	 (16)

where0  M�6º,	 is thesetof parentsof nodeº . Thenetwork
hasobservednodes® � andhiddennodes̄ ³ . Theparentsof
anobservednodemight behidden,andvice versa.For an
undirectednetwork,thetermsarethecliquepotentials.The
quantitiesin EPnow have thefollowing interpretations:» ] ³ � ¯ ³ 	 is thebelief stateof node ¯ ³ , i.e. theproduct

of all messagesinto ¯ ³ .» The‘old’ posterior
] c R³ � ¯ ³ 	 for a particularterm d is a

partial belief state,i.e. the productof messagesinto¯ ³ exceptfor thoseoriginatingfrom term d .» When d�¼� ¶ , thefunction ~W R ³ � ¯ ³ 	 is themessagethat
node d (either hiddenor observed) sendsto its par-
ent ¯ ³ in belief propagation.For example,suppose
node d is hiddenand

W R �6��	������ ¯ R � 0  1� ¯ R 	�	 . Theother
parentssendtheir partialbelief states,which thechild
combineswith its partialbelief state:~W R ³ � ® 	
�¹�h c _ · ��� ¯ R � 0  1� ¯ R 	�	 ] c RR � ¯ R 	 P

parents�(¸� ³ ] c R� � ¯ � 	

½?¾ ¿¿TÀ Á ¿�Â

½ ¾ ¿Ã À Á Ã ÂÄÅ ¿�Æ
Á ¿

Á Æ Á Ã

» Whennode d is hidden,the function ~W RIR � ¯ R 	 is a com-
binationof messagessentto noded from its parentsin
belief propagation.Eachparentsendsit partialbelief
state,andthechild combinesthemaccordingto~W RJR � ¯ R 	O� �Ç%ÈsÉ _>ÊIË ��� ¯ R � 0  Q� ¯ R 	�	 P

parents� ] c
R� � ¯ � 	

Ì ¿
ÍÎ ¿I¿

Ï ¾ ¿Æ�Ð Ì Æ>Ñ Ï ¾ ¿Ã Ð Ì Ã ÑÌ Æ Ì Ã

Unlike Pearl’s derivationof belief propagationin termsof� and = messages,thisderivationis symmetricwith respect
to parentsandchildren.In fact, it is theform usedin in fac-
tor graphs(Kschischangetal., 2000).All of thenodesthat
participatein a conditionalprobability table ����º�� 0  Q��º,	�	
sendmessagesto eachotherbasedon their partial belief
states.

Loopy belief propagationdoesnot alwaysconverge, but
from section3.3we know how we couldfind a fixedpoint.
For anundirectednetworkwith pairwisepotentials,theEP
energy function (13) is a dual representationof the Bethe
freeenergy givenby Yedidiaetal. (2000).

Alternatively, we canfit anapproximatenetworkwhich is
not completelydisconnected,suchasa tree-structurednet-
work. This was donein the ADF context by Frey et al.
(2000).A generalalgorithmfor tree-structuredapproxima-
tion usingEPis givenby Minka (2001).

5 BAYES POINT MACHINE

This sectionappliesExpectationPropagationto inference
in the BayesPoint Machine(Herbrichet al., 1999). The
BayesPoint Machine (BPM) is a Bayesianapproachto
linear classification. A linear classifierclassifiesa point� accordingto ® � sign�6Ò�8���	 for someparametervec-
tor Ò (the two classesare ® ��Ór� ). Given a training set�V��F¦�6� 3 � ® 3 	s�%HJHJHJ�%�6� K � ® K 	ÔL , the likelihood for Ò canbe
written�
���,� ÒT	�� P R ��� ® R � � R ��ÒT	Õ��P R�Ö � ® R Ò�8
� R× 	 (17)Ö ��Ø>	�� �`Ù:ÛÚ ����ØQ�Y&Q�%�'	 A Ø (18)

By using Ö insteadof a stepfunction, this likelihood tol-
eratessmallerrors.Theallowed‘slack’ is controlledby × .
To avoid estimating× , which is tangentialto this paper, the



experimentsall use ×tÜO& , where Ö becomesa stepfunc-
tion. TheBPM is a hybrid belief network,with Ò and � R
pointingto � R . UndertheBayesianapproach,wealsohave
a prior distribution on Ò , which is takento be ����$
�Y�s	 .
Given this model, the optimal way to classifya new data
point � is to vote all classifiersaccordingto their poste-
rior probability:

i k sign��Ò�8���	'� ��l . As an approximation
to this, the BPM usesthe outputof the averageclassifier:
sign� i k Òrl�8#��	 .
Using EP, we can makea multivariateGaussianapprox-
imation to the posteriorover Ò and useits meanas the
estimatedBayespoint. The resultingalgorithmis similar
to that for theclutterproblem.To save notation, ® R � R �>× is
writtensimplyas � R .

1. ~W R ��ÒT	Ý�Gw R .!/10 �9�V35�Þ Ê ��Ò�8
� R ��ß R 	 5 	 . Initialize withb R �|� , ß R �|& , w R �G� .
2.

] �6ÒT	à� ���6)`á���+TáÕ	 . Initialize with the prior:)`á7�|$
��+Zá7��� .
3. Until all ��ß R �Yb R 	 converge (changesare less than�'&1:a� ):

loop d ���(�'HJHJHI� D :

(a) Remove ~W R from theposteriorto getan‘old’ pos-
terior:+ c Rá � + á " ��+ á � R 	!��+ á � R 	28b R �7�#8R + á � R) c Rá � ) á "���+ c Rá � R 	�b : 3R ��� 8R ) á ��ß R 	

(b) Recompute��) á ��+ á 	 from ��) c Rá ��+ c Rá 	 , using
ADF:Ø R � ��) c Rá 	28�� Râ � 8R + c Rá � R "|�ã R � �â �#8R + c Rá � R "|� ����Ø R � &M�'�%	Ö ��Ø R 	) á � ) c Rá "µ+ c Rá ã R � R+Tá � + c Rá �u�6+ c Rá � R 	�ä ã R �#8R )`á� 8R + c Rá � R%å �6+ c Rá � R 	 8

(c) Update ~W R :b R � � 8R + c Rá � R�æ �ã R � 8R ) á �u�sçß R � � 8R ) c Rá "���b R "\� 8R + c Rá � R 	�ã R

w R � Ö ��Ø R 	 â ��"�b : 3R �#8R + c Rá � R.!/10 �2� 35 h(è ÊSéÝê Êë h Êh(è ÊSì ë ã R 	
4.

� ��)`8á +7: 3á )`á,� � R
í�îÊÞ Ê�
����	��E� +Tá�� 3�@ 5 .!/10 � � �(<>	 U KRï� 3 w R
This algorithm processeseachdatapoint in ð � A 5 	 time.
Assuming the number of iterations is constant, which
seemsto be true in practice,computingthe Bayespoint
thereforetakes ð � D#A 5 	 time. This algorithm can be ex-
tendedto usean arbitrary inner productfunction, just as
in GaussianprocessclassifiersandtheSupportVectorMa-
chine,which changesthe runningtime to ð � D?ñ 	 , regard-
less of dimensionality. This extensioncan be found in
Minka (2001).Interestingly, Opper& Winther(2000)have
derived an equivalent algorithm using statisticalphysics
methods.However, the EP updatestendto be fasterthan
theirsanddo not requirea stepsizeparameter.

5.1 RESULTS

Figure3(a)demonstratestheBayespoint classifiervs. the
SVM classifieron 3 training points. Besidesthe two di-
mensionsshown here,eachpointhada third dimensionset
at � . This providesa ‘bias’ coefficient � ñ so that the de-
cision boundarydoesn’t have to passthrough ��&M� &(	 . The
Bayespoint classifierapproximatesa votebetweenall lin-
earseparators,rangingfrom an angleof &(ò to �'ó(�>ò . The
Bayespoint is ananglein themiddleof this range.

Figure3(b) plots costvs. error for EP versusthreeother
algorithmsfor estimatingthe Bayespoint: the billiard al-
gorithm of Herbrich et al. (1999), the TAP algorithmof
Opper& Winther (2000),and the mean-field(MF) algo-
rithm of Opper& Winther (2000). The error is measured
by Euclideandistanceto the exact solution found by im-
portancesampling.Theerrorin usingtheSVM solutionis
alsoplottedfor reference.Its unusuallylong runningtime
is dueto Matlab’s quadprog solver. TAP andMF were
slower to converge thanEP, even with a large initial step
sizeof &QH � . As expected,EPandTAP convergeto thesame
solution.

Figure4 comparestheerrorrateof EP, Billiard, andSVM
on four datasetsfrom the UCI repository(Blake& Merz,
1998). Eachdatasetwas randomlysplit 40 times into a
trainingsetandtestset,in theratio60%:40%.In eachtrial,
the featureswerenormalizedto have zeromeanandunit
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Figure 3: (left) Bayespoint machinevs. SupportVec-
tor Machineon a simpledataset. The Bayespoint more
closelyapproximatesa vote betweenall linear separators
of the data. (right) Costvs. error in estimatingthe poste-
rior mean.ADF is thefirst ‘x’ on theEPcurve.

Dataset EP Billiard SVM
Heart H <>&(ó�Ó|H &>ô(õ H�<(&(ö�Ó|H�&(ô(õ H�<(ó><
Ó|H�&(ô>õ

Thyroid H &>ó(ö�Ó|H &>ó(ö H�&(ó(ö�Ó|H�&(ó(÷ H�&(�>ó
Ó|H�&(ó>�
Ionosphere H &>õ(õ�Ó|H &>�(ö HJ�(�%ó�Ó|H�&(ôSø HJ�(�'�
Ó|H�&(ô>ô

Sonar HI�sø¦&�Ó|H &>ö(ö HJ�!ø¦ö�Ó|H�&(ö(< HJ�%<>õ
Ó|H�&(ö>�
Figure4: Testerrorratefor theBayesPointMachine(using
EPor theBilliard algorithm)comparedto theSupportVec-
tor Machine.Reportedis themeanover 40 train-testsplitsÓ two standarddeviations.Theseresultsarefor aGaussian
kernelwith ù �*ó , andwill differ with otherkernels.

variancein thetrainingset.Theclassifiersusedzeroslack
and a Gaussianinner productwith standarddeviation 3.
Billiard wasrun for 500 iterations.The thyroid dataset
wasmadeinto a binaryclassificationproblemby merging
thedifferentclassesinto normalvs. abnormal.Exceptfor
sonar , EP haslower averageerror than the SVM (with
99%probability),andin all casesEPis at leastasgoodas
Billiard. Billiard hasthehighestrunningtimebecauseit is
initializedat theSVM solution.

6 SUMMARY

Thispaperpresentedageneralizationof beliefpropagation
which is appropriatefor hybrid belief networks. Its supe-
rior speedandaccuracy weredemonstratedon a Gaussian
mixturenetworkandtheBayesPointMachine.Hopefully
it will prove useful for othernetworksas well. The Ex-
pectationPropagationiterationsalwayshave a fixedpoint,
which canbefoundby minimizing anenergy function.
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