It is orth men tioning that the in estigation in this section as inspired the follo wing exp erimen tal �nding: etter quan tizers than those describ ed as \optimal" for Laplacian source arv ard in and Mo destino (column of the table on p. 495 of [26]) are easily obtainable using either random ized searc or the tec hnique to describ ed in Section 2.5. 2.4 Design of Lo cally-Optimal Alphab et-Constrained Quan tizers When no en trop y-constra in is imp osed, the design problem is conceptually ery sim- ple: lo cate relativ minim u of nonlinear scalar function, of ector (the decision-lev el ector). In the MSE case the problem simpli�es considerably and e�cien metho ds of solution are describ ed Llo yd [12] and Max [13]. In the gen- eral case, an of um er of ell-kno wn pro cedures for nonlinear optimization can used [39][40][41]. In the presen study the simple ad ho pro cedure presen ted in App endix as found to e�ectiv in all cases. Lo cally-optimal decision and re- construction lev els found that pro cedure for the case are sho wn against the distortion exp onen in Figure 2.5. It is in teresting to note that the e�ect of increasing the distortion exp onen is to cause spreading of decision and reconstruction lev els. This is consisten with in tu- iti on as the exp onen increases, the distortion measure ecomes dominated the larger instan taneous deviations. or the sources of in terest the largest instan taneous deviati ons ccur when the absolute alue of the source sample is large. By spread- ing out the decision and reconstruction lev els for large alues of the optimization pro cedure is e�ectiv ely trading erage resolution in the most probable region (near the origin) for reduction in size and frequency of the largest errors. As will seen shortly this is in mar ed con trast to the case of en trop y-cons trained quan tization, where the lo call y-opti mal decision lev els hange littl with for giv en en trop It should emphasized that ev en in the comparativ ely simple case of alphab et- constrained quan tization, litt le is kno wn in general ab out the global optimalit of The same um er app ear again in later pap er the same authors (see able of [11]). 25 Figure 2.5: Decision and reconstruction lev els of lo cally -opti mal alphab et-constrained (8- lev el) quan tizers for (a) Gaussian, (b) Laplacian, and (c) gamma distributed unit-v ariance sources, ersus error exp onen The con tin u ous lines are obtained connecting corre- sp onding decision lev els computed for in teger alues of 26 particular quan tizer for giv en source. Ho ev er few sp ecial cases ha een successfully handled [27][28][42]. In particular, Kabal [42] sho ws that in the case of gamm source and mean- squar error, the symm etric lo call y-optimal alphab et- constrained quan tizers obtained in the presen study are not globally optimal. It as observ ed at the eginning of the presen section that the problem of ob- taining lo call y-opti mal alphab et-constrained quan tizer is conceptually ery simple. This is not to sa that there are no computational di�culties. The remainder of this section outlines some of the ma jor ones encoun tered in the presen study In general, three quan tities us computed rep etitiv ely in terms of the ’s in the course of gradien t-bas ed optimization. They are the ’s, the distortion and the ’s. Computation of the ’s is considered �rst. Recall from Section 2.1, Equation (2 5) that for giv en pair of adjacen decision lev els and us satisfy dX When is ev en, the ab can rewritten dX (2 11) In this case, the optimal alue of for giv en giv en pair and can found expanding the left-hand side of (2 11) as 1)-degree olynomial in �nding all ro ots of the olynomial that lie et een and and selecting the one that minimizes When 2, this approac ecomes particularly simple, and yields the ell-kno wn result that the optimal is the conditional exp ected alue of giv en that If is large or dd, then the ab approac ecomes di�cult, and the optimal can found more easily direct um erical minimization of 27 ev aluate for giv en set of decision and reconstruction lev els, it is useful �rst to rewrite the expression (2 4) for as dX for ev en; dX dX for dd, (2 12) eliminating the absolute alue op eration. By expanding the binomials in (2 12), can expressed as sum of mom en terms of the form dX where or all three of the df ’s considered here, nearly analytic ex- pressions (in particular, expressions whic in olv the error function erf but are otherwise analytic) for the mom en terms ha een obtained with the aid of the MA CSYMA sym olic algebraic manipulation program Subroutines written in the program m ing language to ev aluate the mom en terms for Gaussian, Laplacian, and gamm sources are pro vided in App endix B. As men tioned in Section 2.1, computing the partial deriv ativ of with resp ect to and is complicated the dep endence of the in tegrand in (2 4) on whic in turn dep ends on and Since is not kno wn analytical l the only recourse is to appro xima te the partial deriv ativ um erically In the presen study cen tral di�erence appro xim ation has een found to yield adequate results. While the foregoing discussion has een presen ted in the con text of alphab et- constrained optimization, the observ ations made ab out the compu tational di�culties apply equally ell to en trop y-constr ained optimization, whic is the topic of the next section. 2.5 Design of Lo cally-Optimal En trop y-Constr ained Quan tizers metho of �nding lo call optimal ector of decision lev els for an en trop y- constrained quan tizer is no describ ed. Supp ose ector that satis�es the con- strain and that is kno wn to in the vicinit of has een found (the problem of 28 �nding suc ector will discussed shortly). This ector can serv as the start- ing oin of simple searc pro cedure, eac iteration of whic in olv es the follo wing steps. First, it is determined whic decision lev el, when mo di�ed small amoun t, results in the greatest reduction in for giv en reduction in That is, is found where arg max def (2 13) The curren ector is adjusted hang ing small amoun to reduce In general, the resulting ector no longer satis�es the en trop constrain t; this can remedied hang ing another decision lev el, to return the ector to the constrain- ing surface. Here, is hosen to satisfy arg max (2 14) If all of the ’s happ en to ha the same sign, whic is usually the case in the situations of presen in terest, then is giv en more simply as arg min (2 15) The particular hoice of and in this pro cedure is easy to understand if it is ept in mind that the goal is to reduce while lea ving unc hanged The �rst mo di�cation, adjustmen of results in relativ ely large reduction in with small hange in the en trop This small but undesirable hange in en trop can regarded as debt incurred in reducing the est to repa the debt is adjusting that decision lev el whic h, when mo di�ed so that the en trop constrain is once again satis�ed, results in the least rev ersal of the reduction of that as obtained adjusting Note that if not all of the ’s ha the same sign, then can reduced while stepping from the constraining surface, and then reduced again while returning to the constraining surface. It is unlik ely that this situation ould arise except erhaps during the �rst few iterations in the case of particularly bad starting ector 29 It is in teresting to note that eac iteration of the ab pro cedure will con tin u to yield reduction in while main taining un til all of the ’s are equal i.e., impro em en will con tin ue so long as en trop can orro ed and repa ed with unequal asso ciated hanges in Th us, the natural termination condition for this pro cedure is simply the Lagrange ultiplier condition �; for some constan Indeed, the ab optimization pro cedure serv es as an in tuitiv ely satisfying alb eit non-rigorous deriv ation of the Lagrange ultiplier condition as necessary condition for lo cal optimalit in problems of this yp (i.e., problems that require minimization or maximization of smo oth functions sub ject to smo oth equalit constrain ts). The foregoing description allo ws considerable freedom in selecting the step size used in mo difying In con trast, the step size asso ciated with is completely de- termined the requiremen that mo difying u st return the decision-lev el ector to the constraining surface. or the source distributions of presen in terest, deter- mination of the step size for is easily accomplished direct um erical searc (via Newton’s metho d, for example). Although this ma seem lik computationally exp ensiv op eration, in practice it has een found that most of the computational burden actually lies in the calculation of the ’s. Applying Newton’s metho to adjust so that lies within few thousandths of bit of at eac iteration do es not con tribute appreciably to the er all computation time. It is orth while noting that if calculati on of the step size had pro en to excessiv ely burdensom compu- tationall then the problem migh ha een mitigated temp orarily relaxing the constrain to require that lie in some relativ ely large neigh orho around After the decision-lev el ector had come in the vicinit of the sough lo call y-optimal ector the constrain migh once again tigh tened. In this the optimization more sp eci�c, the \b ottlenec k" app ears to in the computation of the optimal ’s, whic is an in termediate step in the computation of the ’s. 30 pro cess ould allo ed to pro ceed swiftly for most of its duration, slo wing only at the �nal stages where strict compliance with the constrain is essen tial. While the ab pro cedure has een emplo ed successfully in large u er of test cases, in certain situations (sp eci�call those in whic oth the um er ator and denominator of as de�ned in (2 13) are extremely small, and those in whic the step size used in mo difying is relativ ely large), adjusting in the ab man- ner ccasionally fails to return the curren decision-lev el ector to the constraining surface. An alternativ e, mor robust tec hnique tak es adv an tage of the symm etry of the sources of in terest. or these sources, the en trop asso ciated with particular decision-lev el ector can adjusted min u tely scaling the ector factor close to unit to e�ect small increase or decrease in the en trop Since scaling preserv es the shap of the hara cteristic staircase function of the quan tizer, it appro ximately preserv es the gain in quan tizer erformance obtained mo difying As in the case of mo difying the appropriate scaling factor can found um erically The computational cost of this metho of returning to the constraining surface is roughly times that of searc hing in alone; nev ertheless, the cost remains negligibl in comparison with other op erations in olv ed in the optimization. Essen tially scaling pro vides reliable and computationally reasonable means of returning the curren ector to the constraining surface in erforman ce-pr eserving It has een observ ed that considerable freedom is allo ed in selecti ng the step size for This is not to sa that the hoice can or should made arbitrarily As is norm ally the case with um erical optimizations, judicious adaptation of the step size as the searc progresses is essen tial for timely con er gence. In the presen study the follo wing strategy has een found to ork ell. Initial l the step size for is tak en to predetermined fraction of the minim um spacing et een decision lev els Besides the assumption of symmetric source distribution, the additional assumption eing made here is that for lo call y-o ptim al quan tizer, the decision lev els, regarded as functions of en trop are con tin u ous. While this ma seem ob viously true for the sources and distortion measures of in terest, the ultimat justi�cation of this assumption lies in the success of the algorithm in �nding lo call y- opti mal quan tizers, and in the apparen con tin uit of the decision lev els of those quan tizers. 31 in the starting ector As the searc progresses, the step size is reduced whenev er the ariation among the ’s falls elo certain tolerance. The tolerance is reduced along with the step size, so that the ’s are guided to ard the comm on alue The pro cedure terminates when all of the ’s are su�cien tly close to one another, or (in this case equiv alen tly) when the step size for adjusting has ecome su�cien tly small. The optimization pro cedure describ ed ab is no summ ar ized. Let denote the curren decision-lev el ector; let denote the step size used in mo difying let denote the tolerance threshold for the ariation of ’s; and let and denote initial alues for and resp ectiv ely Let the minim u probabilit required of quan tization region for its ounding decision lev els to considered in the optimization. The algorithm can summ ar ized as follo ws: Step 1: Initial i ze Step 2: or the curren let max +1 Compute for all Step 3: Compute max ;m 2K fj jg 2K If is su�cien tly small, then halt. Otherwise, if �; then halv oth and and con tin ue. Otherwise, simply con tin ue. Step 4: Find arg max 2K Mo dify to reduce (impro e) either increasing or decreasing (as necessary) the amoun Step 5: Scale so that and return to Step 2. Suitable hoices for and in the presen application ha een found to The restriction that the searc in olv only those decision lev els that ha nonnegligible prob- abilit is imp osed to prev e umerical under o during computation. 32 Figure 2.6: Critical (innermost) decision lev els of lo cally -opti mal en trop y-cons trained quan tizers for (a) Gaussian, (b) Laplacian, and (c) gamma distributed sources, plotted against rate, for three alues of the error exp onen (dotted), (dot-dashed), and (dashed). or reference, the decision lev els of the uniform midtread quan tizer are also sho wn (solid curv es ). 33 005 min 10 if and the source is gamm distributed; 10 if and the source is not gamm distributed; 10 10 otherwise. The suitabili of these alues as determined empirically The remaining issue is the selection of the starting oin Ideally the starting oin ould selected so that the lo call y-opti mal quan tizer resulting from the searc ould also globally-optimal i.e., the starting oin ould in the vicini of global optim u m case can made for using the results of the random -sear tec hnique describ ed in the follo wing section as starting oin ts. Ho ev er the approac tak en here is to use uniform midtread quan tizer of the appropr iate en trop as the starting oin in eac case. The reason for this hoice is threefold: �rst, uniform quan tization is kno wn to optimal in the asymptotic case of lo distortion [21]; second, suc quan tizers are kno wn to erform ell in the MSE sense at all rates for the sources of presen in terest [22]; and third, using suc quan tizer as starting oin pro vides means of testing the degree to whic the uniform midtread quan tizer is lo call y-opti mal (b comparing it with the result of the searc h). Figure 2.6 sho ws the decision lev els in the most probable region ersu rate, for uniform midtread and lo cal ly -optimal quan tizers resulting from the searc describ ed in this section. No- tice that as the rate increases, the decision lev els for the lo call y-opti mal quan tizers tend to merge in to those for the uniform quan tizers. urther note that the lo call y- optimal quan tizers that are the le ast uniform are those in the lo w-rate region for gamm source, with mean-ab solute distortion measur e. The distortion-rate erfor- mance for these lo call y-opti mal quan tizers will presen ted in Section 2.8. It will seen there that although the lo call y-optimal quan tizers are ccasionally substan tially non uniform the erform ance of uniform midtread quan tization is alw ys nearly that of lo call y-opti mal quan tization. 34 2.6 Random Searc for Optimal En trop y-Constrain ed Quan tizers In the previous section tec hnique as describ ed for searc hing small region of the constraining surface in decision-lev el space for relativ minim um of quan tizer resulting from that tec hnique satis�es necessary conditions for optimalit In con tras t, the presen section describ es tec hnique wherein ery large ortion of the constraining surface is explored in an e�ort to gain insigh in to the nature of glob al optima. The approac is to generate ery large um er of candidate decision-lev el ectors at random and to record those with the est erforman ce. Figure 2.7: Results of random design for Gaussian source in the case of mean-square error 2). erformance (rate ersus MSE) is sho w in (a), while scatter plot of the decision lev els is sho wn in (b). or reference the erformance of uniform midtread quan tizers is sho wn in (a) as ell (dotted line). The um er of candidate quan tizers considered is 10 The success of this approac dep ends in large part on striking reasonable com- promise in ho osing the distribution of the candidate ectors. The candidate ectors 35 Figure 2.8: Results of random design for Laplacian source in the case of mean-square error 2). erformance (rate ersus MSE) is sho w in (a), while scatter plot of the decision lev els is sho wn in (b). or reference the erformance of uniform midtread quan tizers is sho wn in (a) as ell (dotted line). The um er of candidate quan tizers considered is 10 u st generated with distribution that co ers all regions of decision-lev el space lik ely to con tain optima. The distribution should not so concen trated in one re- gion that it biases the outcome of the searc h nor should it so di�use that region con taining an optim um is only sparsely co ered the searc h In the presen study the follo wing approac is used. First, it is assumed that decision lev els falli ng outside of the range for the zero-mean unit-v ariance sources of in terest ha neg- ligi ble e�ect on oth the distortion and the en trop where in the Gaussian case, 12 in the Laplacian case, and 18 in the gamm case. These um ers ha een determined empirically The rate axis et een zero and bits/sample is divided in to bins, and quan tizer is designed generating three random um ers (uniformly distributed et een and ), sorting them, and assigning 36 Figure 2.9: Results of random design for gamma source in the case of mean-square error 2). erformance (rate ersu MSE) is sho wn in (a), while scatter plot of the decision lev els is sho w in (b). or reference, the erformance of uniform midtread quan tizers is sho wn in (a) as ell (dotted line). The um er of candidate quan tizers considered is 10 them to the decision lev els and Both the rate and distortion are computed, and the appropriate rate-bin is determined. If the ratio of the distortion (in dB) to the rate is lo er than the lo es previously encoun tered ratio for that bin, then the erformance and/or the decision lev els are recorded. The rate is recorded for eac bin as ell. Next, the um er of lev els is doubled and the pro cess is rep eated, yieldi ng quan tizer with higher en trop This pro cess is carried out rep eatedly eac time with double the um er of lev els as the previous time, un til the measur ed en trop of the quan tizer exceeds predeterm ined threshold (in the presen study 5.0 bits/sample). Selection of the um er of en trop y-bins in olv es compro m ise that is similar to the one made in selecting the distribution of the candidate ectors. If the bins are ery small, then the en trop y-r esolution will high, but the recorded alue will 37 Figure 2.10: Scatter plot of est decision lev els found random searc for Gaussian source and mean-absolute distortion measure 1). The ra results of the searc are sho wn in (a), while in (b) some of the decision-lev el ectors ha een in er ted to obtain more con tin uou tra jectories. In obtaining (b), the hoice of erall olarit as arbitrary; an equally erforming set of quan tizers can obtained in erting the en tire graph. The imp ortan haracteristic to note here is the ob vious asymmetry in the lo w-rate region. The um e of candidate quan tizers considered is 10 ha een dra wn from smaller opulation in eac bin, reducing the qualit of eac recorded oin t. Alternativ ely if the bins are large, then the en trop y-res olution will lo w, although the recorded alue for eac bin will ha een selected from large opulation and will therefore of higher qualit In the presen study di�eren alues of are used one in estimating optimal erforman ce 1000), and another in haracterizing the corresp onding optimal distribution of decision lev els 100). The results are sho wn in Figures 2.7{ 2.9 for the MSE distortion mea- sure, where in eac case total of 10 random candidate ectors are generated and considered. In eac �gure, (a) sho ws an estimate of optimal erforman ce while (b) sho ws the corresp onding scatter plot of decision lev els. The unev en horizon tal spacing in the scatter plots is result of the est decision-lev el ectors ccasionally 38 eing found near the edges of en trop y-bins, while the falli ng-o� of erforman ce at higher bit rates re ects the inabilit of the random -s earc tec hnique to adequately explore the decision-lev el space as the e�ectiv dimensionalit of the problem (the um er of imp ortan decision lev els) increases. Note that in oth the high-rate and lo w-probabilit regions of the graphs, the oin ts exhibit reduced structure. This is exp ected, since the high-rate region is not thoroughly explored the searc and the lo w-probabilit regions are relativ ely unimp ortan in determining the erforman ce of the quan tizers. The data in �gures 2.7- 2.9 suggest that in the lo w-rate region, globally-optimal quan tizers in the MSE case for all three sources resem b le uniform-m idtread quan tiz- ers. or Laplacian and gamm sources, the optimal quan tizers con tin ue to resem ble uniform midtread quan tizers at higher rates, but in the Gaussian case, the pattern abruptly hanges near the rate of 1.3 bits/sample (see Figure 2.7(b)). This phe- nomenon ersists when the um er of candidate decision-lev el ectors is increased from 10 to 10 and when the distortion exp onen is set to greater than 2. ur ther study is required efore meaningful conclusions can dra wn ab out this phenomenon The mean-squar error criterion is used in the large-scale random ized searc hes ecause it allo ws fast computation, whic is essen tial if sev eral million quan tizers are to ev aluated. or non-MSE cases, the random - searc tec hnique has een applied using few er candidate decision-lev el ectors. In all cases but one, quan tizer resem b ling the uniform midtread quan tizer app ears as the est at lo rates. That one exception is the case of Gaussian mean-ab solute error (see Figure 2.10). This case is remar able ecause the globally-opti mal quan tizer at lo rates app ears to asymm etric and unique (allo wing for sign hange). Figure 2.10 (a) is the ra scatter plot; Figure 2.10 (b) as obtained selectiv ely in er ting the decision-lev el ectors of Figure 2.10 (b) as needed to obtain con tin uou tra jectories. While asymm etric optimal quan tizers ha een previously rep orted for symm etric sources in the alphab et-constrained case 39 [37][42] and the join alphab et- and en trop y-constra ined case [26], none has previously een rep orted in the purely en trop y-con strained case. The result strik es the author as mildly coun terin tuitiv e. An in teresting feature of the decision-lev el scatter plots is the ccasional doubling- up of decision lev els that is, or more decision lev els lying ery close to one another. This is to exp ected, since for an giv en quan tizer, new decision lev el can inserted in�nitesimally close to an existing decision lev el while hanging neither the en trop nor the distortion (since the decision region ounded the lev els has in�nitesimal probabilit y). Hence the app earance of u ltiple decision lev els comes as no surprise; in fact, it testi�es to the e�cacy of the random -sear tec hnique in exploring the ast searc space. It is orth wh ile noting that the foregoing random searc strategy ould not as appropriate means of har acterizing the est-case erforman ce of alphab et- constrained quan tizers, for the follo wing reason. In the alphab et-constrained prob- lem, the har acteristic staircase function of the quan tizer us ha oth the righ shap and the righ scaling for the quan tizer to erform ell. Consequen tly the near-optimal region of the searc space is lik ely to relativ ely small and therefore di�cult to explore the random tec hnique describ ed here. This is in con tras to the en trop y-cons trained problem where, for giv en shap e, the scaling determines the en- trop In this case, the random quan tizers in an particular neigh orho of en trop automatically ha the prop er scaling so that the searc space is explored e�cien tly In concluding the discussion of the random -s earc tec hnique, it should em- phasized that the results of the searc can pro vide evidence to supp ort yp othesis ab out global optima; they can nev er pro the the yp othesis. Still, the evidence can extremely comp elling, particularly when the um er of candidate decision-lev els ectors is ery large. 40 2.7 Calculation of Distortion-Rate unctions In the previous hapter it as noted that for giv en source and distortion measure, there exists function, called the rate-distortion function ), whic is lo er ound on the rate required of an enco der to represen source with distortion not exceeding As theoretical upp er ound on erformance, the rate-distortion function pro vides natural reference whic to gauge the erformance of giv en enco ding system. or example, the erforma nce of giv en system can sp eci�ed in terms of the rate it requires in excess of to represen the source with distortion Alternativ ely the erforman ce can sp eci�ed as the amoun of distortion incurred in excess of when the rate of enco ding is ). That is, it can sp eci�ed as the amoun of distortion in excess of the distortion-rate function (the in erse function of the rate-distortion function). The latter approac is assum ed for the remainder of the hapter. Although distortion-rate function tables for the sources of in terest ha een published in few cases, 10 they do not app ear to ha een published for range of alues of the di�erence distortion exp onen Consequen tly the distortion-rate function alues in these cases had to computed in the presen study This section describ es the approac h. First, it should noted that in general, direct calculati on of the distortion- rate function of con tin u ous -am plitude source is extremely di�cult. In some cases, the Calculus of ariations can successfully applied [6][43]. In general, ho ev er, the distortion-rate function is uc more easily ounded than compu ted [5, pp. 639-640]. In con trast, in the case of discrete-amplitude source, an algorithm devised inde- enden tly Arimoto [44] and Blah ut [45][46] alw ys con erges to the distortion- rate function. In the presen study the approac to calculati ng the distortion-rate 10 Analytical expressions for the distortion-rate function are ailable in the Gaussian MSE case [7, p. 477] and in the Laplacian mean-absolute error case [6, p. 95], while umerically obtained alues are ailable in the Laplacian and gamma MSE cases [5][25]. The author is not are of published alues in the other cases, though they undoubtedly exist somewhere in the literature. 41 functions for con tin u ous source is to appro ximate the source discrete one, and then to apply the Arimoto-Blah ut algorithm to the appro ximation. Although no at- tempt is made here to pro the mathem atical alidit of the tec hnique, the follo wing plausibili argum en is o�ered. As the size of the discrete appro xim ating alphab et gets ery large, the probabilit of an particular letter approac hes zero, and the prob- abili that letter will fall in an particular in terv al approac h es the corresp onding alue for the con tin u ous source. Th us, as the appro ximation ecomes �ne, it ecomes increasingly di�cult to determine statistical l whether particular samp le originated from the con tin uous source or from its discrete appro ximation. Since the measured erformance of an enco der is actually samp le statistic, as the appro xim ation im- pro es, the erformance of an enco der applied to the discrete source u st approac the erform ance of the same enco der applied to the con tin uo us source. This u st true for an means of enco ding, including one with erformance that approac hes the distortion-rate ound. Therefore, the distortion-rate functions for the discrete and con tin uous sources ust approac one another as the appro xim ation impro es. remaining issue is the rate of con ergence of the distortion-rate function of the discrete source to that of the con tin uous source as the appro ximation impro es. Here, the issue is addressed exp erimen tally Tw parameters are set the size of the source and repro ducing alphab ets, and the range of alues that the letters co er. Both are increased un til no appreciable e�ect is observ ed on the distortion-rate function er the range of rates of in terest. It has een determined exp erimen tally that for the particular zero-mean, unit-v ariance sources of in terest, in the most di�cult case considered (that of gamm source at rate of bits/sample and with 6), no appreciable hange results when the um er of letters in the discrete appro ximating source is allo ed to increase ab roughly 500, or when the range of alues is allo ed to exceed roughly 25. The results of the tec hnique describ ed ab agree with those previously published for the Gaussian, Laplacian, and gamm MSE case [5], and the Laplacian mean-abs olute error case [6]. 42 In the next section, the distortion-rate functions computed in the ab manner are used as reference whic to gauge the erformance of alphab et-constrained and en trop y-con strained quan tization for Gaussian, Laplacian, and gamm sources. 2.8 erform an ce of Lo cally-Optim al and Uniform Quan tization This section presen ts distortion-rate erforman ce curv es for uniform and lo call y- optimal en trop y-con strained quan tization. Figure 2.11 sho ws the distortion as function of rate for uniform and lo call y- optimal en trop y-cons trained quan tization, in decib els (dB) ab the minim u ossi- ble distortion giv en the distortion-rate function. Sev eral observ ations can made. The most striking feature of the graphs is the near lo cal optimalit of uniform quan tization at all rates, particularly in the Gaussian case. The largest di�erence e- een the erforma nce of uniform and lo call y-opti mal quan tization is in the gamm mean-abso lute error case; ev en there, the maxim u di�erence is merely ab out 0.3 dB. Another observ ation is that the erforman ce of en trop y-con strained quan tization app ears to approac the distortion-rate ound as the distortion exp onen increases, for all rates. This had een previously established only in the asymptotic case of lo distortion [21]. It as observ ed in the previous section that based on the results of random ized searc h, the globally optimal quan tizers app ear to asymm etric at lo rates in the Gaussian mean-abso lute error case. The same conclusion can reac hed in di�eren In the Gaussian mean- absolute error case, con trary to all other cases in esti- gated, the est uniform quan tizer at rates sligh tly greater than bit/sample can sho wn (b arying to the midriser quan tizer, with arbitrarily large as the rate approac hes unit from ab e. Ho ev er, as as observ ed in Section 2.2, the midriser quan tizer can nev er ha rate of less than bit/sample. rates sligh tly elo bit/sample, there are ossibilit i es: either the optimal uniform quan tizer ecomes the midtread quan tizer, whic is the only other symm etric uniform quan tizer, or it 43 Figure 2.11: Relativ distortion (expressed in dB ab the distortion-rate ound) ersu rate of lo call y- optim al (solid) and est uniform (dotted) quan tizers as function of en trop for four di�eren alues of the error exp onen 1, 2, 3, and (as indicated next to eac solid curv e). 44 Figure 2.12: erformance (rate ersus dB distortion in excess of distortion-rate ound) of lo call y-opti mal alphab et-constrained (Llo yd-Max) quan tization relativ to uniform and lo call y-opti mal en trop y-constrained quan tization, for Gaussian source. ecomes asymm etric. The erforman ce of the uniform midtread quan tizer, mark ed an ’x’ in Figure 2.11(a), is signi�can tly orse at bit/sample than that of the midriser at the same rate (solid line). If the uniform midtread quan tizer ere optimal just elo bit/sample, then discon tin uit ould ha to exist in the erforman ce curv for the optimal en trop y-constra ined uniform quan tizer, whic is clearly not os- sible. Therefore, the optimal uniform quan tizer at rates elo bit/sample for the Gaussian mean-ab solute error case us asymm etric. The argum en generalizes to non uniform quan tization noting that the uniform midriser quan tizer is (trivial l y) lo cal ly -optimal at bit/sample and that there exists lo call y-optimal quan tizer at the same rate that is almost iden tical to the uniform midtread quan tizer. 45 Figure 2.13: erformance (rate ersus dB distortion in excess of distortion-rate ound) of lo call y-opti mal alphab et-constrained (Llo yd-Max) quan tization relativ to uniform and lo call y-opti mal en trop y-cons trained quan tization, for Laplacian source. Note that the distortion scale in this graph di�ers from that in Figure 2.12. Figures 2.12|2.14 sho the same erforman ce curv es, along with curv es for lo cal ly -optimal alphab et-constrained quan tization. Note that en trop y-cons trained quan tization erforms substan tially etter than alphab et-constrained quan tization in most cases, particularly for large alues of the error exp onen It should noted that the lo call y-opti mal alphab et-constrained quan tizers in the gamm MSE case sho wn in Figure 2.14 are not globally-optimal (this has een sho wn Kabal [42]). Ho ev er, the adv an tage of en trop y-constr ained quan tization remains substan tial ev en when the globally -optimal alphab et-constrained quan tizers are considered in that sp ecial case. 46 Figure 2.14: erformance (rate ersus dB distortion in excess of distortion-rate ound) of lo call y-opti mal alphab et-constrained (Llo yd-Max) quan tization relativ to uniform and lo call y-opti mal en trop y-constr ained quan tization, for gamma source. Note that the distortion scale in this graph di�ers from those in Figures 2.12 and 2.13. 2.9 Sum m ar and Conclusions This hapter has considered the problem of designing en trop y-constra ined scalar quan- tizers for Gaussian, Laplacian, and gamm sources. Necessary conditions for optimal- it ha een pro vided, and pro cedures for satisfying those conditions i.e., for designing lo cally -optimal quan tizers ha een describ ed for oth the alphab et- and en trop y-cons trained cases. Quan tizers ha ving uniformly spaced decision lev els ha een considered in detail, and it has een sho wn that suc quan tizers erform ell at all rates and for range of alues of the distortion exp onen It has also een sho wn that in the case of the Laplacian source and mean-squar error criterion, uniform quan tizers are sub optimal at all rates when an en trop constrain is imp osed. 47 This �nding is con trary to previously rep orted results. The adv an tage of en trop y-con strained quan tization er alphab et-constrained quan tization for the sources of in terest has een demons trated er range of rates and for sev eral alues of In an e�ort to gain insigh in to the nature of global optima, random -sear tec hnique has een emplo ed. This tec hnique app ears to most e�ectiv at lo rates, and the results of this tec hnique pro vide supp ort of the yp othesis that, in most cases, the lo call y-opti mal quan tizers designed in this study are, in fact, globally- optimal. It u st emphasized, ho ev er, that the results of the random ized searc in no constitute pro of. erhaps the most surprising �nding of the presen study is the apparen asymm e- try of the optimal en trop y-con strained quan tizers in the lo w-rate region for Gaussian source under the mean-abs olute error criterion. Also surprising is the apparen break- oin in the symm etry of decision lev els at roughly 1.3 bits/sample for Gaussian source and MSE criterion. Both of these phenom ena require further study 48